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1 Introduction

The ABJM model [1] has opened up a new avenue in which to explore integrability in
the planar limit of gauge theories in three dimensions. This model is comprised of two
U(N) gauge groups having a Chern-Simons action with levels k£ and —k respectively. The
model also contains scalars and fermions that live in the bifundamental representations of
U(N) x U(N). If the six scalar and two scalar-two fermion couplings are properly tuned [1-
3], then the theory has an A/ = 6 supersymmetry. This then leads to an SO(6) ~ SU(4)
R-symmetry, with the (N, N) scalars transforming in the 4 while the (N, N) fermions
transform in the 4, with an appropriate R-symmetry assignment for the conjugates. This
theory also has a CP invariance. The Chern-Simons action changes sign under parity, but
can also be accompanied by an exchange of the gauge groups to restore the sign.
Chern-Simons-matter theories admit a planar limit when the rank of the gauge group
and the Chern-Simons level simultaneously approach infinity such that their ratio A = N/k
remains finite. The operator mixing problem can then be reformulated in terms of a
quantum spin chain whose interaction range grows with the order of perturbation theory.
Interesting effects in Chern-Simons-matter theories start at two loops [4], and with one



loop terms absent the leading order spin-chain Hamiltonian involves three-site next-to-
nearest-neighbor interactions [5]. Such spin chains are usually not integrable, which is
indeed the case for the N' = 1 superconformal Chern-Simons [5]. However, in [6] it was
shown that the scalar sector of the N' = 6 ABJM theory is integrable at two loops (see
also [7]). The corresponding spin chain is made up of alternating sites of 4 and 4 spins,
and the Hamiltonian contains terms up to next to nearest neighbor interactions. The
CP invariance of the gauge theory results in a parity invariance for the spin chain. The
Bethe ansatz for this spin-chain was given and was shown to lead to correct results for the
anomalous dimensions of scalar operators. A conjectured Bethe ansatz was also given for
the full superconformal group OSp(6]4). This Bethe ansatz is consistent with results from
the SU(2|2) sector which was also shown to be integrable [8]. Furthermore, these Bethe
ansétze were extended to an all-loop Bethe ansatz [9, 10]. Other interesting results related
to the integrability of the ABJM model have been found in [11-33].

In another development, Aharony, Bergman and Jafferis (ABJ) extended the ABJM
analysis to include among other things an asymmetric theory with gauge group U(N) x
U(N) [34]. Such a theory is no longer CP invariant if N # N, but has all the same
continuous symmetries as the N = N ABJM model [3]. One would then expect that the
parity invariance of the spin chain is broken. This does not necessarily mean that the
integrability is lost, there are integrable spin chains with broken parity [35].

Nevertheless, one can give a general argument that the ABJ model should not be in-
tegrable. The argument is based on the dual description in terms of type ITA string theory
on an AdS; x CP? background [1, 34]. The integrability of the spin chain is reflected in
the classical integrability of the string sigma-model [11-13],! which may, or may not be
preserved at the quantum level. The different ranks in the ABJ model means that there are
two 't Hooft couplings, A = N/k and A=N /k, and their difference leads to a theta-angle
on the string world-sheet: ¥y ~ A — A [34], which is responsible for world-sheet parity vi-
olation, analogous to potential parity violation in the spin chain. However, it is commonly
believed that the theta-angle and parity violation destroy integrability. We can draw an
analogy with the O(3) non-linear sigma-model which is integrable at ¥ = 0 and ¢ = 7,
but presumably is not integrable at generic ¥ [37]. The analogy with the O(3) model is
arguably far-fetched, the supercoset sigma-model on AdS,; x CP3 is quite different. So,
our argument is only qualitative, and it would be very interesting to check if the ABJ
model is integrable or not for generic A and M. At strong coupling, the dependence on the
difference A — \ is very weak, since the world-sheet instanton effects which are sensitive to
the theta-angle are exponentially suppressed. But at weak coupling, one has no reason to
think that the anomalous dimensions will depend on the geometric mean of the 't Hooft
couplings, )\5\, and not on their difference, A — A which is the measure of parity violation.

Nonetheless, somewhat surprisingly, it was shown that the parity invariance and with
it the integrability in the scalar sector is still preserved at the two loop level for generic
A and A [35]. In principle, two loop corrections could come with factors of A2, A2 or A

!The integrability is manifest in the coset formulation of the sigma-model, which corresponds to the
Green-Schwarz action with partially fixed k-symmetry. It is not known if the full Green-Schwarz sigma-
model [36] is integrable.



But one can quickly see that in the scalar sector, only diagrams with factors of A appear.
Hence the parity is unbroken and the integrability is preserved, with all factors of A2 in
the ABJM spin chain replaced by A in the more general ABJ case.

Going outside the scalar sector, one does find diagrams that are proportional to A? and
5\2, so it is possible that only the scalar sector is integrable. Moreover, the integrability
of the full ABJM model is only a conjecture and has to be verified, especially in view of
the discrepancies that have arisen between string theory results [38—41] and those derived
from the algebraic curve [9, 13, 42].

In this paper we will explore these issues by first considering gauge invariant operators
with one fermion present. Here we will find that there are loop diagrams that lead to
possible A2 and A2 terms. However, these diagrams cancel off with other diagrams, resulting
in a dilatation operator with A\ terms only. We compute the dilation operator for all
operators of this type and explicitly show that it is consistent with the proposed Bethe
ansatz in [6] for operators of length 4.

We then go on to construct the general Hamiltonian for the full OSp(6]|4). We do
this by first constructing it for an SL(2|1) ~ OSp(2]2) sector, a noncompact closed sec-
tor containing fermions. In fact the R-matrices for noncompact SL(2|1) have previously
appeared in the literature [43, 44].> The Hamiltonian is written in terms of projectors
onto irreducible representations of SL(2|1). The results for SL(2|1) can then be uniquely
lifted to the full OSp(6]4) in a way analogous to how the SU(1,1) sector of N'= 4 Super
Yang-Mills is lifted to the full PSU(2,2|4) superconformal group [48, 49]. The difference
here is that for this spin chain the R-matrices are built out of two complex representations,
while in SU(1,1) the R-matrix is built using a single real representation.

In section 2 we review the Lagrangian of N' = 6 superconformal Chern-Simons as well
as the conjectured two-loop Bethe equations for all single trace operators. In section 3
we derive the Hamiltonian for the spin chain with one fermion present by computing the
appropriate Feynman diagrams. In section 4 we compute the anomalous dimensions for all
length 4 operators with one fermion and show that the conjectured Bethe equations give
the correct result. In section 5 we construct the Hamiltonian for the full OSp(6]4). We
do this by taking the R-matrix for the SL(2|1) subgroup and extending it to OSp(6]4).
We then show that the resulting Hamiltonian is consistent with the Hamiltonian for scalar
operators and the Hamiltonian derived in section 3 for operators with one fermion. In
section 6 we give a short discussion.

Note added. As this paper was being prepared we received [50] which overlaps with our

results in section 5.

2 The N = 6 theory and its Bethe equations

In this section we give a short review of the ABJM N = 6 superconformal Chern-Simons
theory and the conjectured two-loop Bethe equations that arise from it.

2Spin chains have also been constructed for finite representations of SL(2[1) [45-47]



The lagrangian of the N/ = 6 Chern-Simons theory is [1-3]

™

L= 4ﬁ tr [aﬂ” (A,@AA + % A A Ay — A0, Ay — % AMAVAA>
+D,YIDPYA 4 i Pipa + 1—12 YAYIVBY YOy + 1—12 YAY Y Pyly eyl
—% YAYIYPY v ey) + % YAYLyCyly By,
S VAP YRV PO £ Y P s — Y PY
+% eABCDY T h Y iabp — %g ABcpY APYCCyP| | (2.1)

where D, X = 0X + A, X — XA,, D, X" = 9, X" + A, X" — XTA,. We use the + — —
conventions for the metric. Raised capital latin indices (A,B,C,D) are SU(4) R-symmetry
indices for the fundamental representation, while lowered indices of this type are for the
anti-fundamental representation. In the last two terms, 1/1? is the charge conjugated fermion
field, ¥ = Cyo Y%, where C' is the charge conjugation matrix: ~,C + C’yZ =0,C? =1,
C'=C, and CT = —C. The Dirac matrices satisfy

Py = i, (2.2)

with 912

=1 = g012. The form of the Lagrangian is the same for the ABJ model where
the number of colors for the two gauge groups, N and N, are no longer equal.

The ABJM model is conformally invariant. Its Hilbert space consists of all possible
local operators, which at tree level are highly degenerate. The degeneracy is lifted by
quantum corrections and leads to a fairly complicated mixing pattern. The mixing matrix
can be calculated in perturbation theory, and in the large-N limit can be identified with
the Hamiltonian of a quantum spin chain. Computation of the full mixing matrix is a
formidable task even at the leading two-loop order, and we will first consider closed sectors
for which the Hamiltonian can be evaluated directly from Feynman diagrams with relative

ease. One such sector is comprised of the bosonic operators:3

Yyl vyl ovAey) (2.3)

which form a basis of states in the closed alternating spin chain with SU(4) symmetry. The
spin chain Hamiltonian is [6, 35]

Ios = - Z (2—=2P 490+ Piyo K1 + K1 Pryso) (2.4)
=1

where Kjr and Py are the trace and permutation operators acting on the [th and I'th sites
of the lattice: PA4 g = 645 645, K4, B =645 647

In [6] a set of Bethe equations was given that are consistent with the Hamiltonian
n (2.4). Based on the OSp(6|4) superconformal algebra, an extended set of Bethe equations
were conjectured valid for all operators. These equations are

3These operators form a closed sector only at two loops.
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Figure 1. The Dynkin diagram of OSp(6[4). Shown are the Dynkin labels of the state with
{K., Ky, K,, K, K,,} Bethe roots.
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The first three lines in (2.5) are the Bethe equations of scalar operators when K; = 0. The
Bethe equations correspond to the Dynkin diagram in figure 1. The excitation numbers
K, must satisfy a set of inequalities (which are basically the highest-weight conditions for

the Bethe wave functions):

L—-2K,+ K, >0
L—2K,+ K, >0
K,+K,—2K,.+12>0
K, > K,
K, — 2K, > 0. (2.6)

The solutions that correspond to gauge-theory operators in addition satisfy the level-
matching (zero-momentum) condition,

Ky

. Ky .
Huj+l,/2ij+Z./2:1. (27)

el i/2 e/ i/2

The anomalous dimensions for the operators are eigenvalues of the Hamiltonian for the

spin chain, and are given by

Ky Ky
=2\ Z 2+i Z % . (2.8)
=



Figure 2. The CP-breaking contributions to the dilatation operator mutually cancel.

Notice that only the u; and v; Bethe roots contribute to (2.7) and (2.8). Only these roots
carry momentum and energy.

3 Fermionic part of the dilatation operator

In this section we study operators with a single fermion insertion,
trppYE YAvE L yAryh o and  wyAyldy eyl o ovAry) (3.1)

They also form a closed sector at two loops because of fermion number conservation. We
will compute the two-loop mixing matrix for these operators. In the bulk of the operator
(far from the fermion insertion), the mixing matrix is the same as in (2.4). Here we
concentrate on the mixing that involves the fermion insertion.

Potentially, mixing of the fermions could depend on A\? and 22 separately and thus
could break CP invariance. The A-\ power counting can be easily pictured by coloring the
double-line 't Hooft diagrams. There are two gauge groups, and one can draw the U(NV)
and U(N ) index lines in two different colors, say blue and red. A planar diagram will then
be a collection of facets (index loops) painted in the two colors. Since the matter fields
are bifundamentals and the gauge fields are adjoints, the color changes across a scalar or
fermion propagator, but stays the same across a gauge or ghost propagator. A diagram
with F,. red facets and Fp blue facets is accompanied by a factor NENFs oc NEPAF | T is
the diagrams with F,. # Fp that potentially violate CP. At the two-loop order there are
four such diagrams, all of which involve internal gauge-boson lines. To our surprise these
diagrams mutually cancel (figure 2). The fermion part of the dilatation operator thus is
also proportional to A

Term = %(const + H), (3.2)

The diagrams that contribute to the fermion mixing and that do not identically vanish
are listed in figure 3. There is also a number of diagrams that do not mix different operators
and only contribute to the constant term in (3.2). We have not shown these diagrams and
have not computed them. The constant will be later fixed by requiring that the dilatation
operator preserves supersymmetry. Each diagram in figure 3 should be supplemented with
its parity conjugate (denoted by a *), The only exception is he diagram h which is its
own parity-conjugate. The last two diagrams, m and n, do not directly involve fermion
interaction vertices, and one may be tempted to attribute them to the bosonic part of
the mixing matrix (2.4). Indeed, these diagrams combine with the six-boson vertex to



Figure 3. The diagrams that contribute to the mixing of operators with single fermion insertion.

cancel off the nearest-neighbor exchanges in the bosonic part of the mixing matrix [6]. In
the presence of the fermion insertion, this cancelation is incomplete. In the middle of the
scalar operator, m and n participate in the cancelation of the six-vertex graph on the left
and on the right, but now there is a fermion on the left, and half of the m+n has nothing to
cancel. The easiest way to take into account these diagrams is to add the nearest-neighbor
term from the six-vertex graph (which can be found in eq. (2.6) of [6]) to the fermion
mixing matrix with coefficient (—1/2). The diagrams h+ h* and [ represent mixing with a
derivative of . and 1. However, because of the Lorentz invariance the derivative must be
accompanied by the Dirac matrix and combined into )1 or D 1., which can be eliminated
by use of the equations of motion.

Computing the diagrams in figure 3 is in principle straightforward. Collecting all pieces
together, we get:

HoYlppYl = —2YlweYh — oYYy — YiveY] — Yiway) — 2¥ivpy)
_65BCDEY,:£YD7,Z)5 — 6eappEY? YEYch —eapcpl YEY;
+3€ACDEY§YD¢5 + 3€ACDE¢£YEY§ + EABCDYETYET/J(?
—26ABCDYETYD7/)E + 2eapcpPE YDYET,

(3.3)

HopaViyC = —3YCYlpa —3YCY yp
+OSYPYIup + 65V PY s + 6SYPY wp + 65 Y PY Lup
+2050 AV YD = G YAYP = 65wy Y P + 2090 p YYD
+3eappEY PUCYE + 6GeapprY PUEYE — 209 epprrY Py T,

(3.4)

HoYAY o = —3pcY YA — 3ypyiy4
ORIV P 4 5o YYD 4 680pY Y P 4+ 684pYiY P
+204Y PY o — SAY LY pp — 64V PY wp + 264V PY Sbp
+3epoprY PYAYE — 68ccpprY PUEY Y + 268epprrY PPy Y.

(3.5)



There are two terms in the Lagrangian (2.1) contributing to the Y Y 4)-vertex and two
terms contributing to the 1YY Ty-vertex. The terms tr Y;{YB?,EAibB and tr Q,EAYBY;{ibB
mix the flavor indices while the other two do not. It means the diagrams with two fermion-
boson vertices correspond to up to four different terms in the Hamiltonian.

To get the action of the dilatation operator on the states with a 1. insertion one has
to compute the same set of diagrams with the arrows on all the lines inverted. However,
pulling the charge conjugation matrix through the fermion line reverses all the momenta
due to the identity —CpT = pC, so the result will be exactly the same. Consequently, the
dilatation operator is given by interchanging the upper and lower indices in (3.3)—(3.5),
and so making the replacement Y4 « Yj;, Ya = YA, eapep — ABOD, 55 — 5@.

The constant in (3.2) can be fixed by requiring that the ground state energy is zero.
The computation at length-4 (section 4) gives:

A

Trerm = - (20 4+ H). (3.6)

The full two-loop dilatation operator is then the sum of the mixing matrices acting on
scalars, eq. (2.4), and the fermion mixing matrix (3.6),

= Fbos + Fferm. (37)

4 Length-4 operators

In this section we will explicitly diagonalize the mixing matrix from the previous section for
operators of length four. We will also solve the Bethe equations (2.5) for L = 2 and compare
the resulting spectra of anomalous dimensions. There are in total 2 x 4* = 512 operators,
but many of them are super-descendants of the bosonic length-4 operators tr (Y'Y T)2,
The solutions of the Bethe equations describe primary operators, so first we will discuss
constraints imposed on the spectrum by supersymmetry.

Under the SU(4) R-symmetry, the length-4 states tryYTYYT and trY.YYT trans-
form as

14424 =63 10° © 10 © 64° © 70 (4.1)
49444 = 63105 10° @ 642 @ 70.
The scalar operators tr (YYT)? are in
4140424=1>015° 320 @ 84. (4.3)

Their anomalous dimensions, in the units of A\, are 2, 10,6, 6,8, 0, respectively [6].
The supercharges act on the scalars as

QapY“ = 654 — 05ia (4.4)
QapY) = eapcp?.

Consequently,
QtrYYYYt ~ wYTYYT + Yo YYT.



Since the supercharges are in the 6 of SU(4), the superpartners of the scalar operators
belong to

6 (12®15% @20 ® 84) = 6° © 10 © 10 @ 64* @ 70 © 7050 © 300. (4.6)

One has to remember, however, that not all representations in the product are associated
with operators. The last two representations shown in gray are projected out. This can
be understood from the supersymmetry transformations (4.4), (4.5). The left-hand side
of (4.4) is in 6 ® 4 = 4020, but only the 4 appears on the right-hand side. Likewise,
n (4.5), which is 6 ® 4 = 420, the 20 is projected out.

The supersymmetry fixes part of the spectrum in (4.1), (4.2):

64070870 0

6: 2\\
6% @ 10% & 10° @ 64% : 6\
6@ 64: 8A

6: 10A, (4.7)

Hence, we are left with five multiplets whose highest-weight states are fermionic length-4
operators:
6 @ 10% @ 10°. (4.8)

We will compute their anomalous dimensions first by diagonalizing the Hamiltonian (3.3)—
(3.5), (2.4), and then by solving the Bethe equations. We should note that the solutions
of the Bethe equations for the fermion states are sensitive to the whole structure of the
Dynkin diagram.

4.1 Spectrum from the mixing matrix

Let us diagonalize the Hamiltonian in (3.6). The simplest case is the 70 operator:
o t t yD
Ogp = tr Y(AszYC)Y — traces. (4.9)

The symmetrization acts on all three lower indices. The bosonic part of the dilatation
operator annihilates O, because of the symmetry in A, B and C'. This operator does not
mix with the . states either, since such mixing inevitably involves contraction with the
eaprg tensor. The rest of the Hamiltonian in (3.3)—(3.5) acts as

The 70 is a part of the BPS supermultiplet and thus should have zero anomalous dimension.
This fixes the constant term in (3.6).
The next set of operators are the four states in the 10:
O1hp =tr YCTT/’(AYJr Ye, O30 =tr YJ[4¢B YCTYC,
03%p =tr YoV} v©, 01% =t YUY Y eponp. (4.11)



Here we also know part of the spectrum from supersymmetry, eq. (4.7), but in addition to
the two descendants there are two highest-weight states. It turns out that the dilatation
operator is fully degenerate in this sector:

6000
0600
0060
0006

Iyo =M (4.12)

This agrees with (4.7), and predicts that four of the anomalous dimensions in (4.8) are
equal to 6A\ (the anomalous dimensions in 10 are obviously the same as in 10).
The basis of operators in the 6 is spanned by

O??AB =2tr Y[Lch;]YC, OA?AB =€eABDE tr chcDYEYCT,7
O8 45 =cappp tr YPuPYCY], 08 1 =eappp tr YPYOYFY], (4.13)

In this basis,
19 -5-17 1 -1
519 -1 1 7 -1
M| -4-422 2 2 -2

I, === 4.14
s 317 1 -119 —5-1 (4.14)
1 7 —-1-519 —1
2 2 =2 -4 —4 22
This matrix has eigenvalues
vlg = AN{10,8,8,6,6,2}, (4.15)

in agreement with (4.7). The anomalous dimension of the unique highest-weight 6 operator
is equal to 8A.

4.2 Spectrum from the Bethe equations

The states with one fermion impurity correspond to the solutions of the Bethe equa-
tions (2.5) with K; = 1. For L = 2 (length-4 operators), the highest-weight conditions
admit three possible configurations of the Bethe roots, see diagram 1 and eqgs. (2.6): (i)
K,=2 K,=1,K,=2; (ii) K, =1, K, =2, K, = 2; and (iii) K, =2, K, =2, K, = 2.
We can read off their SO(6) quantum numbers from figure 1: (i) is the 10 (the Dynkin
labels are [0,0,2]); (ii) is the 10 with the [2,0,0] Dynkin labels; and (iii) is 6 with [0, 1,0].

In all three cases, the Bethe equations simplify and reduce to quadratic equations.
For the case (i), there are two inequivalent solutions that satisfy the momentum condi-
tion (2.7):*

ViT+3 VIT- 3 V3
=g F—",

“ 8 = 8 n=Eg
3 3
7“1:0, T2:i§’ Slzi%. (416)

4There is also an extra solution which has non-zero momentum.

,10,



They form a parity pair [51], and are degenerate in energy:
Yip = 6AX (4.17)

This degeneracy is a consequence of integrability, and as far as the system stays integrable
should be present at higher orders of perturbation theory. The solution for the 10 is given
by the same distribution of roots with the u and v roots interchanged.

The solution of the Bethe equations for case (iii) which corresponds to the operator in
the 6, is given by

U1 Uz = U1 v2 =5 1 ) NG S1 (4.18)
Its energy is
76 = SA\. (4.19)

The solutions of the Bethe equations completely agree with the direct diagonalization of
the Hamiltonian.

5 The complete R-matrix and integrability

In this section we find the complete R-matrix for the OSp(6|4) symmetry algebra. We do
this by first finding the R-matrix in the SL(2|1) sector, a closed noncompact sector which
contains fermions. We then lift this R-matrix to the full R-matrix by showing that there
there is a one to one map in the tensor product of SL(2[1) and OSp(6[4) representations.
We then show that that this R-matrix leads to the Hamiltonian in (3.6).

5.1 The oscillator algebra and the singleton representations

As a preliminary, we first construct the OSp(6]4) generators in terms of bosonic and
fermionic creation and annihilation operators. The generators of OSp(6[4) are

poB —pBa Kop = Kga
Qal’ Sal
L%, L7, =0, R = —R/1 D (5.1)

where a, 3,7 =1,2,and I,J = 1...6. The algebra is then
[D,P*P] = +P* D, Kug] = —Kap
1 1
[DaQaI] - +§ QOJ7 [Dasal] - _55041’
1 1
[P0, Kog] = 5 (075L% + 6%, L% + 8% 10, + 02,15 ) + 5 (8%,8% + 6567, ) D
{Q,Q%} = o PP {Sa!, 857} = — 0" Kap
1 1 1
{QaI7SﬁJ} — §5aﬁR1J o 551JLozﬁ _ 55046 5IJD
[RIJ,QQK] — 5JKQOJ _5IKQC|{J’ [RIJ,SQK] — 5JKSaI . (5IKSaJ,
[Laﬁ, P’yé] = (nga(s + 565P’ya, [Lag, Kq/(;] = —(5a7KB(5 - 5045K,yﬁ . (5.2)
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All other commutators are zero.
It is convenient to write the generators in terms of oscillators. We introduce the
bosonic oscillators b and bg as well as the real fermionic oscillators ¢!'. These satisfy the

commutation and anticommutation relations
[ba, b17] = 6,7, {c!, 7} =617, (5.3)

We can then write the generators as

pes :% biepts, Kaog = — %babg
1 1
Qal :—bTaCI, Sozl _ —bacl
V2 V2
o tor Ly _Yorg g 1+, 1
L%z =b bﬁ_ib by, R :5(06 —c'c), D:§b by—i—i, (5.4)

where one can easily check that this satisfies the algebra in (5.2).

We can now build two different representations of this algebra. We first note that the
6 real fermions can be split into 3 complex fermions, d/ = %(0% 1 +ic¥) which satisfy
the anticommutation relations

{d,d*}y =k {d d*} ={d’,d*} =0. (5.5)

Since we have 3 creation operators we can create 8 different states with the d7, half of
which are fermionic. Letting |0) satisfy d’/|0) = b,|0) = 0, we have that states with an even
number of d7’s acting on |0) are in the 4 rep of the SO(6) and those with an odd number
are in the 4. It is now clear from the form of the generators in (5.4) that we can build two
independent representations — those with an even number of oscillators and those with an
odd number. The representation with an even (odd) number we call chiral (anti-chiral).
Both representations have D = % for their highest weight, where for one case the highest
weight is in the 4 and the other it is in the 4.

We can quickly see that these representations match to the field content of the gauge
theory. For those fields in the (N, N) representation of the gauge group we identify

1 1 ;
DAL @), 5 ()t o),

1

on+1/2 (bT)2”+1dT] ‘O>7

D™y (b1)2 gt qi24q13|0), (5.6)

on+1/2

while for those in the (N, N) representation the identification is

1 : 1
DYl o (bH)?"d1 |0, o (vh)2rattat?at?|o),

n 1 n 1 n ]
Dyt SYESYE (") 0), SYESY (bh)? 1 dld*|o), (5.7)

where for this latter case we change the fermion number of |0). Notice that unlike the
case of N'= 4 SYM, the field strengths F and F don’t appear as fundamental fields in the
fundamental representations. This is because there is only the Chern-Simon’s kinetic term,
so the field strengths are equivalent to a combination of the other fields via the equations
of motion.

- 12 —
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Figure 4. Super-Dynkin diagrams for (a) OSp(6]4) (b) SL(2|1).

5.2 The SL(2|1) sector

The smallest closed non-compact sector whose ground state is the chiral primary operator
tr (Y1Y4T)L is the SL(2|1) sector.” In this case the field content is restricted to Y'! and 14,
on the (N, N) sites, Y4Jr and 1}, on the (IV,N) sites, as well as covariant derivatives D_.
The + index is the helicity. The states are constructed out of one bosonic operator, say
b' = b'T and one fermionic oscillator df = d'f.

A nice way to see how SL(2|1) fits into OSp(6]4) is by examining their super-Dynkin
diagrams. Super-Dynkin diagrams are not unique so there is some freedom in choosing an
appropriate diagram. For OSp(64), one such diagram has already been shown in figure 1.
However, another diagram is shown in figure 4a, where now the momentum carrying roots
in the Bethe equations are fermionic. These roots are now also coupled, with the double
line indicating that their inner product is +2. The SL(2|1) subgroup is taken by reducing
the diagram to these two fermionic momentum carrying roots, as shown in figure 4b.

The SL(2|1) generators are

1 1 1 1 1
J,=pl= 5bTbT, J- = Kn =—5bb, Jo = (D) +LY) = 5bTb+Z
1 1 1 1
QY = —=bdl, Q =—=bld, ST=——2bdl, S =-——bd
V2 V2 V2 V2
gl 1
H=oR?=cdd— . (5.8)

J4, J— and Jy are the usual SL(2) generators, satisfying

o, Je] = 0y, [T, J_] = 2Jp. (5.9)
The other nontrivial commutators are
@) =304 [0S = 25%  [H.QY =+5Q%  [H5Y=+s*
(QF.Q )=l {STSTh=-J. {QNST)=H -y {Q.87)=—H-Jy
[Ty, 5% =Q%, [T Q] =5 (5.10)

The irreducible representations V;j are labeled by the charges (j,h) of the lowest
weight states in the representation. The lowest weights are annihilated by S* and J_

®There is also a closed SU(1, 1) sector, where the field content has scalars on the odd sites and fermions
on the even sites, all with the same SU(4) index, as well as covariant derivatives [50]. We thank B. Zwiebel
for remarks on this.



and if j > 0 then V;} is infinite dimensional. If h = —j (h = +j), then the lowest
weight is also annihilated by Q~ (Q™). These representations are called chiral (antichiral).
Representations that are neither chiral nor antichiral are called typical.

An important ingredient for constructing an R-matrix is the tensor product of two
representations. In the case when both representations are chiral or both antichiral, the
tensor product is given by

Vivgi ® Vs s = HJ+Z (RN (5.11)

where j = j; + jo2. The first representation is chiral (anti-chiral) but the representations
in the sum are typical. If one representation is chiral and the other is antichiral, then the
tensor product takes the form

Vit 5 @ Vio,tjp = Z J+n,Fjo (5.12)

where j = j; — jo. All representations in this sum are typical.

Let us now turn to our particular situation. The lowest weights are the states |0)
and d'|0), where b|0) = d|0) = 0. Acting on these states with Jy and H, we find that
their charges are (1, —1) and (4, 1) respectively. Hence |0) is the lowest weight of a chiral
representation and d'|0) is the lowest weight of an antichiral representation. The tensor
products are then

®V

%-i-zvnﬂoa

v +10- (5.13)

n

1 1
1Ty

1%

I
Mg S

1.1 ®@V1 o
Fy Fy .

S
Il

The R-matrix Rq(u) acts on the tensor product of two representations V, ® V,. Since
the R-matrix is invariant under the algebra, it can be written as a projection operator onto
the representations in the tensor product,

- ZRZb(U)Pc (5.14)

where P, is the projection operator onto V.. The universal R-matrix for any representation
in SL(2|1) was derived in [43]. The relevant results for the (1,F1) representations are

(3.73) @— % 1,0 (n+1,0) 2 Dla+n+3)
R 2 2 — R R = —1 - a7

FF (u) TH—% ( ) FF (u) = (-1) F(_{H_TH_%)Q(U)
ROFE0) () = Dlatntl) ooy (5.15)

—_— n—
(=1) I'(-a+n+1)
where @ = u/c with ¢ an arbitrary constant, and g(%) and g(u) are arbitrary functions. It
is convenient to choose

, g(u) = ———= c=2, (5.16)
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in which case we have,

n

(5:F3) .\ _ (n+1,0), « _ TTUu+2k+1
R (w) =1, Reg 7 (u) —]}:IOM’

n

(n+1,0) u+ 2k
RO (u) = HU_%. (5.17)

Now that we have the R-matrix we can construct the transfer matrices for an alternat-
ing spin-chain with a chiral representation on the odd sites and an antichiral representation
on the even sites. Following the notation in [43], let us use a; to label the sites in the chi-
ral representation and a; to label sites in the anti-chiral representation. The two distinct
transfer matrices for the chain with L sites are thus given by

To(u) = Raay (u)Raa, () Raa, (W) Raay (1) - - - Raay, () Raay, (1)
Ta(u) = Raa, (v)Raa, (v) Raas (W) Raaz (v) - - . Raa, (u)Raa, (u) (5.18)

where the indices a and @ refer to auxiliary spaces in the chiral and anti-chiral representa-
tions. Defining 7(u) and 7(u) as traces over the auxiliary spaces,

T(u) = troTy(u), T(u) = trgTs(u) , (5.19)
the Yang-Baxter equation then guarantees the commutation relations
[7(w), 7(v)] = [F(u), 7(v)] = [7(u), 7(v)] = 0,. (5.20)

Hence, expanding 7(u) and 7(u) in powers of u gives a commuting set of charges for
the theory.

The charge we are most interested in is the Hamiltonian, H, which is given by

o1 d _
H=C(r(0)7(0)" - (r(wrw)] . (5.21)
U u=0
where C is a constant to be determined. To explicitly construct this, we first note that
o0
Rap(0) = P11 + D (1P
j=1
o0 .
Rgg(0) = P11+ (=1)Pjp. (5.22)
j=1
In these cases, the representations Vi _1, Vi1 41 are symmetric representations, while V; o
’ 2 270 2

) )
is symmetric (antisymmetric) for j even (odd). Hence, we see that these operators are the

exchange operators,

R (0) = Py, RaB(O) =Pg. (5.23)

a

The R-matrix evaluated at u = 0 between a chiral and an anti-chiral representation is

R3(0) = D (~1¥Pj 1, (5.24)

,15,



Using explicit indices, we write this operator as ./\/li“}—i", where I, and I}, refers to particular

elements of the chiral and anti-chiral representations.
From the results in (5.22), (5.23) and (5.24) we find

J1j1...JLjL _ J2j1 J3j2 Jle
T(O)Ilfl...ILfL = MIJI M12f2 M
— J1j1...JLjL _ J2j2 J3j3 Jljl
T(O)Iljl---ILjL = MI2I—1 MI;JQ "'MIJL . (5.25)

Hence, the product of 7(0) and 7(0) is

_ JiJi..JpJ] 2\ Jo J: 2\ J3J: o\ J1 J:
(r()7(0) 7, 75" = MAZEMA) e (ME)

Ja s J2 5J3 5. J1 5
= 61126j126]236j§’ . ..6&6&, (5.26)

where we used (5.24) to get to the second line. Therefore, this operator shifts every index
over by two sites.
The first derivatives of the R-matrices we write in terms of two operators A and B

<4ﬁ<§j%{1>%p

k=1

o

A= R[,(0) = Ry(0)
1

J

M

(=1 (2h(2j — 1) — h(j — 1)) Pj0

j=1
i .
B= Ry (0) =Y (~1/h(j)Pj1,, (5.27)
j=1
where h(j) is the harmonic sum
ayl
h(j) = —. 2
=D (5.28)
k=1
The Hamiltonian is then found to be
L
KK gJev1l g 4 JoJ, KK \ gJed,
H= Cz (MfzszKe}rzl-HMf(sz + BI@I}MKZI?Z>
=1
- K Jog1L 7, K Jot1Jy
KK 041 JoJ, KK L1920
+OY (MEE AT Ml 4 BEE M) (5.29)
=1

It’s structure has next to nearest neighbor form.

5.3 The lift to OSp(6]4)

We can construct all unitary representations of OSp(6]4) using bosonic and fermionic os-
cillators [52]. This is accomplished by writing the generators in Jordan form. In particular,
the algebra can be decomposed into the vector space L_; & Lo & L1, with the generators
in each of these subspaces labeled by

SipeL_y, S%el,, Mjecly. (5.30)

,16,



The indices A and B run from 1 to 5, with A = o, a = 1,2 for the bosonic indices and
A=2+41i,i=1,2 3 for the fermionic indices. The elements in Ly make up the compact
U(2]3) subalgebra.
We can then construct sets of oscillators
CAJ" = (bivbzvd}"vdz?dg) ) 071’4 = (by7byvd71"T7d71"T7dy)' (5'31)

For our purposes where we consider the tensor product of two singleton representations,
we let » = 1,2. If we then define

1 , 1 .
HA:%(CAJ"‘ZCAQ) HAZE(Cf‘—ZCéA)

1 , 1 .
XA =—(Ca1—1Ca2) XA = — (CIA + 2054) ) (5.32)

V2

we can then write the elements of the algebra as

V2

Sap = Oaxp +xa0p ST =04F + 40P
Mz = 649 + (~1)ceD ey gy (5.33)

where deg(A) is 0 (1) for bosonic (fermionic) indices.

The irreducible representations are labeled by the lowest weights, that is those states
that are annihilated by the elements of L_;. These states themselves are representations
of the U(2|3) subalgebra, hence an irreducible representation of OSp(6]4) is given by the
corresponding irreducible representation of U(2]3). It is not hard to show that the lowest
weights have the form

10), (6x" — x6"7) |0)
0410y,  641042)0), 0N 640),
X0y, xMx™200), XM, (5.34)

The corresponding U(2|3) representations are given by the singlet 1 and the graded anti-

symmetric representation, % for the states in the top line of (5.34), while the representations
in the second line are the graded symmetric product of k elements [Z[71...AZ1. The rep-
resentations in the third line are isomorphic to those in the second line, so we may write
an irreducible representation as linear combinations of states in the second and third line.
In particular, we choose the two combinations 641 ... 84 + yA1 A for our irreducible

representations. Then the tensor product of two chiral representations gives

R /A /A e /A /A /A /A R (5.35)

while the tensor product of two anti-chiral representations is

/]
ﬁer,JrLLLijL.... (5.36)
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The subscript on the symmetric representations refers to which combination of #4 and y*
we choose. Note however, that these are the same representations. The tensor product of

a chiral and an antichiral representation is
U, + U+ (5.37)

while the product of the anti-chiral and the chiral representation reverses the signs in
the subscripts.
Under the exchange 1 < 2, we have that 64 — —ix?, x* — +i04. Thus, for even k

(9‘41 N XAk) — 4 (—1)F/? (9’41 0 A XA’“) . (5.38)

Choosing |0) — +|0) under the exchange in the chiral-chiral tensor product and |0) — —|0)
in the antichiral-antichiral tensor product, we see that the representations in these tensor
products are exchange eigenstates, with eigenvalue (—1)*/2.

Let us now consider the SL(2|1) ~ OSp(2|2) subgroup discussed in the last section. In
this case the representations can be labeled by the representations of the U(1|1) compact
subgroup. However, the super Young tableaux have the same form as in the U(2|3), hence

there is a one to one map between the tensor products of chiral or antichiral representations
in SL(2/1) and in OSp(6[4). Note that 1 is the chiral representation and % is the anti-
chiral representation. The representation with k£ graded symmetric boxes corresponds to
the representation with charges j = k/2, h = 0. Notice further that this matches the sym-
metries under the exchange. Hence, the R-matrix for OSp(6]4) has precisely the same form
as in the previous section, with the SL(2|1) projections replaced with the corresponding
OSp(6]4) projections.

5.4 Subsectors

5.4.1 SU(4)

For this subsector we only have the symmetric (10 or 10) and anti-symmetric (6) rep-
resentations in the tensor product of two chiral or two anti-chiral representations, which
corresponds to the j = 1/2 and j = 1 representations respectively. Hence, in this case the

R-matrix is

u+1
Ry = Pio + &
u—1
1 u+11
= —(1+P —(1—-Py) = —Py). .
2( + ab)+u_12( ab) _1(u a) (539)
Similarly,
u+1 1
R&E:PTO_FHPG: u_l(u—PaE). (540)

For the chiral-antichiral case we have only projections onto the adjoint (15), which corre-
sponds to 7 = 1/2, and the singlet (1), which is j = 3/2. Hence, the R-matrix is

U+ 2 1 u+21
RaE=P15+u_2P1= (1_1Kab>+mZKab
1
=t K- 2). (5.41)
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These are the R-matrices previously given in [6], with the R,; matrix shifted so that it
satisfies a standard Yang-Baxter equation. There is also an overall function in front of each
R-matrix, but this does not affect the Yang-Baxter equation and only shifts the energy by a
constant amount. In fact, with this finite shift the Hamiltonian acting on a chiral primary
gives zero.

With these R-matrices, we find that

M=1-K/2, A=—(1-P), B:—EK. (5.42)

A quick calculation gives the Hamiltonian in (2.4) and fixes the coefficient in (5.21) to
C =AM
5.4.2 Scalars and one fermion

The tensor product of a fermion 14 and a scalar Y2 decomposes into an SU(4) 15 or

1. Symmetrizing or antisymmetrizing over their positions, we find that the 15, is in the
OSp(6[4) representation labeled by 1, 15, and 1, are in m@, and 1, is in [/T/T/1/0. 1

we define the action of the exchange P and trace operators to be
Pipa---YB=YB.. .0y, Kipg---YP =6Byp-- YD, (5.43)

Then the action of the R-matrix on 14 --- Y P is

R(u)tpy--- YD
1 - 1 u+11 A (ut1)(u+3) 1 A1 B
=|-(1+P)1—-—-K)+—=(1-P)+———=—(1+P)-K Y
(D)1= K)+ 0735 )+(u—1)(u—3)2( L) | ¥a
(5.44)
Thus
R(0) = P,
A:Rm):_u_M+§u+mK. (5.45)
Likewise, the product of v AY; can be expressed as
YJF_ YJF 1 YT 1 YC D
YaYp = aYp + 5 P, B]+§5ABCD e
L yi 1 YOyl 5.46
+§ Pra, B T 5EABCD {2l I (5.46)

The first line of the decomposition is in m, while the second line is in [/J[/][/]. The
decomposition is the same if the SU(4) indices are raised. If we define the action of K as

. 1
K paY] = 5EABCD YOpP (5.47)
then we can write the decomposition as

1:%u+f§+iu+ﬁw1_Py+51_ny_P% (5.48)
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where P exchanges SU(4) indices. Hence, the corresponding R-matrix is

3 1 14

“+§(1—R’)(1—P), (5.49)

u p—
which gives

M= R(0) = %(1+P)+ %f(u _p)

B= R(0) = —3(1 _K)1-P). (5.50)

Using the results in (5.45) and (5.50), as well as those in (5.39), (5.41), we find that

MAM oYY C = %szYgYC + %zpBYjYC - %chgm - %YCY/WB
+05 (G YPYiup+ 5 YOV + 3uavhy? - Supviy?)
+64 (é YPY s + VPV - s opYhYD + éwDYgYD)
+ <é 05 eADEF — ééf €BDEF> vPyEYE

1 1
+eABDE (5 YOSy P — 1 YD¢5Y0> (5.51)
where we used the identity

eanpp(YPUEYE - YOpLYEYV 1 (65 cappr—0S epprr) YPUEY T = capprYPyEYC .

(5.52)

We also have

1 1
MAM oY Yo = YAYje — SbeYRY™ = S upYly™
1

1
5 YPY e — = YDYCWD)

1 1
+o4 (— YpY Y P 4 5 oY YP + o 5

6

1 1 1 1
+64 (6 zpBYgYD +2 z/;DY;YD -5 YDngB + gyDYg¢D>

1 1
+ <—6 Specprr + §5é 6BDEF> YPylPy

1 1
+epcpE <—§ YApPYE 4 5 yP g‘YE> (5.53)
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where we used the transpose of (5.52), and

13 o
12°4

Uvtonyt — L vivayt - Lyte vt
6 YooYy — 6 YC¢AYB - ch¢BYA

1 1
MAM o Y iypY} = YpYg — 3 YiveY) — 3 YipaYy

1 1 1
D) epopeY YPUE +eacpr (5 YIVPYE 4 Z%)YEY];)
1 Dy Eyf
4€ABDE¢C c
L otve,p 1 puoevt lotop, B 1 BvDyt
+eaBCD EYEY (e —E%Y YE—§YEY P, +§¢CY Y
(5.54)

where we used
EABCD <Y5YD1/15 - YEYE#J?) + <€ABDE Yl +epcpr Yl +ecann Y,i) YPYE =0

and its transpose.
We also have

1 1 1

BMo Y], = I T ngYAT ~ 4 eaBcp YUY (5.55)
1 1 1

BMoYiyg = ZYM;B— ZYg,sz— J eapcp Y (5.56)
1

BMoYAY) = 105 Yoyl (5.57)

where it is necessary to include (5.57) because it is not paired with a term having the form
MAM o YAY];YC, as would be the case for a strictly bosonic chain.

Summing over (5.51) and (5.53)—(5.57), one readily sees that this gives ey in (3.6)
with the same diagonal piece.

6 Discussion

In this paper we constructed the two-loop Hamiltonian for the full O.Sp(6]4) group in terms
of projectors onto irreducible representations. The Hamiltonian has next to nearest neigh-
bor form and the results agree with explicit two loop calculations for fermionic operators.

At present, we are still puzzled by the apparent unbroken parity symmetry of the ABJ
model, at least in the planar limit. The results of Zwiebel [50] seem to suggest that the
two-loop equivalence of the ABJ and ABJM models is a consequence of supersymmetry,
since in [50] the two-loop Hamiltonian is constructed algebraically by imposing the su-
persymmetry constraints on the most general structure consistent with planarity of the
Feynman diagrams. The parity comes out automatically in Zwiebel’s construction [50].
It may happen that the ABJM and ABJ models are equivalent at the planar level, up to
replacement of A\? in ABJM by A\ in ABJ , even at higher loop orders. But it seems just as
likely that parity is an accidental symmetry of the two-loop approximation and is broken
at higher loops if A # . It remains to be seen if the spin chain stays integrable for generic

A and \.
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